Supplement 18-A

Quantizing the Electromagnetic
Field Without Frills

Our goal is to express the electromagnetic field in terms of photons. In terms of the vector
potential A(r, f) we write

B(r, 1) =V X A(r, 1)

_0A(, 1)
ot

E(r,1 = (18A-1)

As elsewhere in the book, we work in the gauge V * A(r, 1) = 0; we have also made the
choice ¢(r) = 0, possible in the absence of charges.
The energy carried by the electromagnetic field is

H=2 f d*r(EXr, 1) + B, 1) (18A-2)

Let us now expand A(r, £) in a Fourier series in a cubical box of volume V = L*. We write

A(r, 1) = % % e, IAS(K)e ®ren + A, (k)e'<rer] (18A-3)
This will obey the wave equation provided that
* = K*c? (18A-4)
The gauge-fixing condition implies that
keeMk) =0 (18A-5)

This means that the polarization vectors eV (k) (A = 1, 2,) are perpendicular to the direc-
tion of propagation of the wave k; that is, the polarization is transverse.

Let us now calculate the energy in terms of the A, (k) and A, (k). We get for the first
term involving the electric field,

< f *ry, > f(K) £(q) &) (K) &y (@) —iwAy (K)e ®T + jwA, (K)e'®T ")
4 kA g\’

X [—iw" Aj(Q)e T + jw' Ay (q)e T (18A-6)

We use the notation ' = |q|c. The values of k and q are determined by the fact that we
are expanding in a box, and we choose periodic boundary conditions. Thus in any direc-
tion we require that

eikx — eik(x+L) (18A-7)
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so that k,L = 27n,, and so on. Thus the summations are over integers n,, n,, n; = 1, 2,
3,.... We do not need to sum over negative integers, since these are contained in the
A" terms. Now

%j dPrei®rar =
| (18A-8)
‘—/f dre®* T = iy

We also choose
&, (K) &y (k) = 6, (18A-9)

so that the two polarization directions corresponding to A = 1, 2 are perpendicular to each
other. This yields the result

&
Hg = 70 gf (k) @’ (A K)AL (K) + A (K) Ay(K) (18A-10)
The second term, involving B, requires the calculation of

L3S 1) fl@k X £,00) + (@ X &,(@)
KA QA

(18A-11)
X JIAY (k) e %o — A, (k) €T HIAT (e TN — A, (q) ')
The integration over all the spatial coordinates again yields
‘l/f d3rei(k+q)~r — 0
(18A-12)

1 i(k—q)r —
‘7] dPre 9T = 5y,

The vector identity
(k X £,(k)) * (k X £,(k)) = k’&,(k) * 5,(k) — (k* &,(K)(K * ,(K)) (18A-12)
with the help of the tranversality condition and &,(K) * &,.(k) = 8,,. yields k*5,,.. This
means that the part of H involving B, when multiplied by 2, yields the same factor as the
E? term. We thus get
H =g, [ (k) o {4, &) A (k) + A (K) A, (k)] (18A-13)
kA

The form looks very much like the sum of terms in the simple harmonic oscillator. In fact,
had we chosen f(k) such that

eof k) 0* = %ﬁw

that is,
B #
fk) = e
we would have obtained
H=Y % ho [A,(K) A (K) + Ay (K) Ay(K)) (18A-14)
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Let us now assume that the A, (k) and A; (k) are operators that obey the same commuta-
tion relations as the operators A and A™ for the simple harmonic oscillator problem; that is

[A,(K), AL (Q)] = 8,1, B (18A-15)
Then we get
H =2 fo (A (k) A, (K) +3) (18A-16)
kA

Actually the second term 3, ,fiw/2 is infinite. We sweep this problem under the rug by ob-
serving that all energy measurements are measurements of energy differences. We thus
concentrate on

H = hwA (k) A\ (k) (18A-17)

A
We may now go through the same steps that we did with the harmonic oscillator. For each
value of k and A we have creation and annihilation operators, and for each value of k and

A we have states of zero, one, two, . . . photons. The zero photon state, the vacuum state,
is |0), defined by

A,(K)[0) =0 (18A-18)

A state with n photons of momentum 7k and energy #w is given by

1 +
(k))"[0) (18A-19)
V!
What we have done is to decompose the electromagnetic field into modes, each of which
represents photons. Thus

aA(r t) E

Er, 1) = gA(k) [—iAy (k) e ® 790 + A, (K)e' ™ T~ 0| (18A-20)

will annihilate or create a single photon.
As a check we can calculate the momentum carried by the electromagnetic field. We
need to calculate

P= sof d’r(E(r, 1) X B(r, 1)) (18A-21)
Using the expressions obtained above, we find, after a page of algebra, that
P = D k(A (k) A\(K) + 1) = > #ikA, (k) A,(k) (18A-22)
kA kA
The last step follows from the fact that 3, k = 0 by symmetry. We may thus interpret the

product A (k) A,(k) = N, (k) as the operator representing the number of photons of mo-
mentum k and polarization A.
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Details of the Three-Level System

The three-level system has many interesting features, so that we discuss it in some detail
The system of three levels, A, B, C with energies fiw, > fiw, > fiw, is placed in a set of
electric fields. One of them is characterized by a frequency w, close to the difference w,
— w,, and the other by a frequency w,, close to the difference w, — w,. The perturbing
Hamiltonian is

H, = eEx cos w;t + eE,x cos w,t (18B-1)

In matrix form, the only nonvanishing elements are taken to be {a|x|b) and {a|x|c), which
can be taken to be real. We introduce the notation

Wi = eEl<a|x|b>
Wow = eE2<a|x|b>
Wi = eE{a|x|c) (18B-2)

and so on. With this notation the matrix representation of H, has the form

0 Wi cos wit + Wy, cos wrt - Wy,.cos wit + W,,. cos wot
Wi €OS ot + W, COS Wt 0 0
Wi cos ot + W,,. cos w,t 0 0
(18B-3)

We next need to calculate e/ #""H ¢~ """ To get this we pre-multiply the matrix for H,

ela) s 0 O
il — | g et (18B-4)
O 0 e iw,t

and post-multiply it by the hermitian conjugate matrix. Some algebra yields the matrix

0 X Y
Vio=|(X* 0 0 (18B-5)
Y= 0 0

with

X = (W, cos it + W, cOS w,t) e
Y = (W, cos ,t + W,,. cos wyt) @ (18B-6)
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We now again apply the rotating wave approximation, with w, — w, — w;, = §,, and w, —
0, — w, = 5, being the only terms that we keep in this approximation. This means that in
X and Y we decompose the cosines, and only keep the terms below:

_1
X=3

_1
Y=3

W, e
Wo€™ (18B-7)

Let us take the state vector as represented by the column vector

a(r)
li(0)) — | b(2) (18B-8)
c(1)

The set of equations to be solved is

., da(1) 1 i 1 i85,
ih—==75 W€ b(1) + > Waee ° c(t)
db(t) _ 1 ~ide
ih === 5 Wise ™ a(t) (18B-9)
L de(®) 1 "y
ih i 2 Woace " a(t)

Let us write

B(t) = €%'b(r)

C(t) = e®'c(r) (18B-10)
In terms of these, the equations become
da(t i% W.
lﬁ a( ) luh B(t) + 2ac C(t)
dt
i M + %8,B(t) = '“bA(t) (18B-11)
W,
if @ + #6,C(t) = 22 A7)

iQr

Let us now assume the time dependence e”” in all the terms. We then get from the various

equations

—41Qa(0) = 1”” B(0) + sz C(0)

—h(Q — 8,) BO) = WW’ a(0) (18B-12)
—H(Q — 8,) C(0) = 2“‘ a(0)

This leads to a cubic equation for (), as might have been expected. The equation re-
duces to

QQ - 8)Q -8, = <VZ%”>2 Q-8+ (Z%)z Q—-8,) (18B-13)
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We can greatly simplify matters by assuming perfect tuning so that 6, = 6, = 0. In that
case the equation has simple roots: ) = 0, ) = r, ) = —r, where

_ Wlab 2 WZa(r 2
o e () 1o

irt

Thus we have
alt) =ay+ a,e" +a_e”
b(t) =by+ b.e" + b_e ™ (18B-15)
c()=cy+ e +c_e ™

The nine parameters will be determined by the equations (18B-12).
We now write the solutions in terms of the eigenstates corresponding to the different

eigenvalues
a(t) ap a, a_
b) | = by |+ | by e+ | b_ | (18B-16)
c(1) Co cy c_

To find the normalized eigenstates we proceed as follows:
Q = 0: We have a, = 0, and W,,, by + W,,. ¢, = 0. The normalized solutions is

therefore
ao 0
by | = Wy, [2hr (18B-17)
CO - Wlab/Zﬁr

This is normalized to unity since it W3,. + W1, = 4A% r’.
For ) = r, we must satisfy

Wi Wi
—hra, = 21bb++ 22 .
W
—hrb, = 21"” N (18B-18)
Wac
—hrc, = 22 a,

The first equation is automatically satisfied if the other two are, which is to be expected,
since a, is to be determined by normalization. A little algebra shows that
a, ! 1
b, | =—=| —W,,/2hr (18B-19)
cy V2l - Wy /2Hr

The case for ) = —ris easily solved by just changing the sign of . We get
a ! 1
b | =——=| W,,/2hr (18B-20)
c_ V2 Wou 201

It is easy to check that the three eigenvectors are mutually orthogonal.
The general solution is

a(t) ao a. a_
b)) | =ag| by | +a | by |e"+a | b Je ™ (18B-21)
c(t) Co cy c_
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and the coefficients («, «, ) are determined by the initial conditions. At time ¢ = 0 we

have
1 1
a0)=—a, + —=a_
V2 V2
WZac W]ab Wlab
b(0) = ay — a a_ (18B-22)
2t 0 N2Rr | 2\ 2hr
Wlab W2ac W2ac
c(0) = oy — a, + o_
2hr WN2hr | 2\ 2kr
Dark States
Consider a configuration in which the |b) and the |c) states lie close together (Fig. 18-3a)
and
Wlab = W2ac (18B_23)
We now take our initial state to be
1
1 (0)) = —=(|b) = |e)) (18B-24)
lin Vs 5) — |

This implies that a(0) = 0; b(0) = —c(0) = 1/V2. We now solve for (ag, ¢ ), and get
— Wlah + WZac _ Wlah

o =
N2k R
_ WZac - Wlah —

4hr

0 (18B-25)

a, = —a_

This implies that a(f) = 0 for all times. Thus the state |a) is never excited, and is therefore
called a dark state. The reason it is inaccessible is that the amplitudes for exciting from
the |b) and |c) states interfere destructively.

Electromagnetically Induced Transparency

Consider, next, a situation in which the |a) and |b) states are strongly coupled by an elec-
tromagnetic field, while |a) and |c) are weakly coupled. What this implies is that

| Wiap| => [ Wy | (18B-26)

One can show that under these circumstances the state |a) is very unlikely to be excited,
and this means that photons cannot be absorbed by a |c) —>|a) transition.
We take for our initial condition a(0) = b(0) = 0. This implies that

o= —o,

a, =——uq (18B-27)

Furthermore, since a(0) = h(0) = 0, we must necessarily have |c(0)| = 1. Since

2hr

c(0) = W,

Qg
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we may choose for convenience

ag = Dab (18B-28)
2hr
Now, at a later time ¢, we get
_ oy irt —irty — » WZGC :
=— - = 18B-2
a(r) 5 (e e’y =i hr sin rt (18B-29)
Thus the probability of finding the system in the state |a) at a later time is
Wi,
P = |la®)f = ——“—— sin®rt (18B-30)

2 2
WZac + Wlab

Because of the condition (18B-26) the probability of exciting the state |a) is very small.
This, however, implies that photons cannot be absorbed through the mechanism of excit-
ing state |a), so the material becomes transparent at the frequency corresponding to this
energy difference.



